Abstract-A contour-integration method is presented to determine the eigenmodes in a layered structure closed with PML layers at the boundaries of the computational window. Improvements are provided to ensure the accuracy of contour integration and to assure that all the encircled eigenvalues are determined. Numerical examples are presented to test the accuracy of the method.
I. INTRODUCTION
T HE MODAL expansion method (MEM) provides a powerful tool to describe the propagation of an input field through a layered two-dimensional (2-D) structure. In the design of integrated optical devices, it can be used to analyze an open-wave guiding system, which may vary in the direction (splitters, gratings, etc.). MEM also possesses the advantage of giving detailed information on the fraction of power traveling in the guided and radiation modes of the wave-guiding system at each longitudinal coordinate.
In the MEM, the discretization of the continuum of the radiation and evanescent modes is usually accomplished by applying an electric wall "sufficiently far" from the analyzed structure. The unwanted reflections from these walls can be prevented by introducing artificial absorptive layers, the perfectly matched layers (PMLs) at the boundaries of the computational window [1] . The great advantage of PMLs is, that by means of them we can eliminate the undesired reflections occurring at the edges of the computational window and thus mimic the open system.
Finding PML modes can be a hard task, since the effective indices belonging to these modes are complex. The methods used up to now to determine the PML modes use a sort of follow-up technique: having determined the eigenmodes for non-PML setting with standard methods, the eigenvalues are followed as they move in the complex plane due to gradually increasing the strength of the PMLs [2] . This method may be quite cumbersome in some cases, for example to determine the quasidegenerate system modes of a directional coupler and may eventually lead to losing of eigenvalues.
The problem of losing roots can be circumvented by the method of contour integration (CI) [3] However, when implementing the existing CI algorithms, we experienced instability and/or numerical inaccuracy for some cases. This paper presents improvements and hints to evaluate the CI for obtaining the effective indexes of the PML modes in a reliable way. The paper is organized as follows. In Section II, we present expressions related to the CI method together with our imposed innovations related to a robust implementation. In Section III, a brief description is given on the computer program with an emphasis on the choices of input parameters. In Section IV, an inner product for eigenfunctions, a prerequisite for modal field expansion, is introduced. In Section V, we present numerical examples to test the accuracy of the method, to check whether reflections occur on the PMLs, and to test the accuracy of finding quasidegenerate eigenvalues. The paper ends with conclusions.
II. CI METHOD
In this section, we derive the required formulas and introduce the improvements for robust evaluation of the CI for structures with PMLs. We will consider that TE and TM polarization can be treated similarly.
A. The Dispersion Relation in the Presence of PMLs
The cross section of a typical structure is shown in Fig. 1 . In the calculation, it is convenient to introduce a local coordinate system with at the beginning of each layer. The modal field equation to be solved is (1) also obeying the Dirichlet boundary conditions at the computational boundaries. In (1) , is the propagation constant, the wavenumber, the piecewise constant refractive index, and represents the strength of the PMLs. Since the refractive indices are piecewise constant both in the wave-0733-8724/03$17.00 © 2003 IEEE guiding layers and in the PMLs, the solutions of (1) take the form of . The determination of the unknown amplitudes is considered later in Section IV of this paper. Using the continuity of and its derivative at the dielectric interfaces as well as the solution of (1), taking the aforementioned form, one can derive the following transfer matrix for TE polarized waves connecting the field and its derivative at the bottom of layer to that of layer (2) Here, , with in PMLs and equal to zero otherwise, is the thickness of the th layer, and . Note that the choice of the sign of the square root does not change the transfer matrix given in (2) . By applying (2) for all layers, starting with (3) at the lower computational boundary, the electric field at the top boundary, i.e., with , the modal index can be calculated. The dispersion relation (4) corresponds to modal field solutions of (1). As noted in (2) , is a single valued function of .
B. The CI Method
Having determined the dispersion relation, we outline the basic theory of determining the zeroes of the complex dispersion relation (4) and recommend improvements to assure the robustness and accuracy of the computation 1) Basic Theory: The CI method, originally stemming from complex analysis to determine the residues of a complex function [4] provides a powerful tool to find the complex valued roots of an algebraic equation. With the help of CI, one may first detect how many eigenvalues fall in a certain region of the complex plane. As a consequence of Cauchy's Residue theorem, it follows that with the following contour integrals, the sum of the -th powers of the encircled poles of can be evaluated, i.e., (5) Here, is the number of roots inside the contour and the summation runs over all encircled roots. As a consequence of (5), is the number of roots in the contour. Knowing the values for , an equivalent polynomial can be constructed [5] whose roots coincide with the encircled eigenvalues as follows: (6) where the values of the coefficients, and in (6) are given by the following recursion relation:
The roots of the polynomial can be determined by means of Laguerre's Method as recommended by, e.g., [5] . We found that a large number of roots inside the contour strongly affects the accuracy of the numerical evaluation of the roots, and for this reason, we usually divide the investigated part of the complex plane in subcontours, consisting of rectangles, containing not more than four roots. For convenience, the sides of the rectangle are chosen parallel to the real and imaginary -axes.
2) Robust Evaluation of the CI: One of the most important aspects of getting accurate results is the proper evaluation of the integration in (5). The direct evaluation of (5) requires either the analytical determination of the derivative in the kernel or an efficient numerical scheme to evaluate the derivative in discrete points. Although is an analytical function, for multilayered structures, it is time consuming to determine its derivative analytically. A practical way to overcome this difficulty would be to approximate the derivative with a numerical scheme, for example with a four-point difference operator. This scheme, however, is slowly converging if the function is strongly oscillating, which is indeed the case in the effective index regime in the vicinity of roots corresponding to higher order eigenvalues. The order of magnitude of the matrix elements may introduce another problem.
For these reasons, (5) is evaluated by introducing integration by parts, as follows: (8) Here, and indicate the segment in the complex plane, the principal branch of must be taken, i.e., , and indicates the true branch of , which can be obtained by keeping track of the number of times that Im crosses or . The integration (8) is performed by means of Simpson's 2/3-4/3 scheme [5] , providing an accuracy proportional to the fourth power of the stepsize. Using (8) , it is much simpler to evaluate the integral. However, the multivaluedness of the complex logarithm function must be taken care of. One must keep track of its several branches during evaluation. This procedure is called unwrapping the complex phase along the integration trajectory. It is done by inspecting, whether there is a jump from to , or vice versa, occurring in the value of the complex-valued logarithm function. Note that although on calculating the integral, the occurrence of extremely large numbers could be eliminated by introducing the complex logarithm function, these numbers indeed occur in the elements of the transfer matrices in (5). We can eliminate that problem by taking advantage of the asymptotic nature of hyperbolic functions (9) for large values of . So for large values of Im , with for a given choice of the sign of , the corresponding transfer matrix can be approximated by (10) Due to the logarithmic expressions in (8) , the multiplication with the exponential expression in (10) need not to be evaluated.
3) Root Polishing: In principle, CI enables us to determine the roots with any desired accuracy but for numerical efficiency, we have chosen for a relatively large integration stepsize, typically, followed by a sort of root polishing. The latter consists of a Newton-Raphson zero-finding procedure using the roots obtained from the rough integration as a starting point. The latter zero-finding procedure is terminated if the desired accuracy has been reached.
If one of those accurately determined roots would fall outside the subcontour, or if there are two or more roots coinciding, then the integration-polishing procedure is repeated using pole zero compensation as follows: 1) Subtracting
from the first -integrals defined in (8) , where the summation of (11) runs over the "reliable" roots. This will result in the rough values for the yet undetermined roots. 2) Polishing using (12) instead of . If zeros are still found outside the subcontour, the CI is repeated with a smaller stepsize. The previous root-polishing and pole-zero compensation procedures have been found to be quite reliable.
III. EVALUATION OF ROOTS WITH CI
On evaluating the roots, choices must be made with respect to the required accuracy, the definition of the contour, and the strength and thickness of PMLs, which will be discussed in the following.
With the aforementioned methods, the roots can be determined with large accuracy without much extra numerical effort. For this reason, the roots are usually evaluated with an inaccuracy corresponding . Next we will discuss the choice for the total contour for the CI. For nonactive structures, the square of the roots are known to be lying in the third and fourth quadrant of the complex plane, the values are chosen in, i.e, the fourth quadrant. The maximum value of can be approximated by the following. Multiplying (1) with , integrating the result over the cross section using partial integration leads to (13a) From this it follows (see Appendix). Then, a safe integration boundary is , with real and positive. This conjecture is proven in the Appendix. Further, we may use the evanescent modes with a decay length much shorter than , being a typical length of the structure (e.g., grating period) in the longitudinal direction may be neglected. So we require, i.e., Im . A contour rectangle meeting the above requirements is given by (13b)
Simple rules for the choice of thickness and strength of PMLs are hard to formulate but a few guidelines can be given. The amplitude reflection coefficient at PML-non PML layer, both with index , is (14) For guided modes, where (14) should be understood as a ratio of increasing and decaying solutions, it can be seen that the modal field solutions are normally not affected by the PML if its thickness and strength are not too small. With the latter, the reflection for radiation modes from the PML may also be small. However, tends to unity for grazing incidence, i.e., if . Then, in order for avoiding back reflections from PML to the central part of the structure the PML should be positioned "sufficiently far away."
IV. DETERMINATION OF FIELD PROFILES AND INNER PRODUCT

A. Determination of Field Profiles
After the modal indices have been determined accurately, the corresponding modal field can be calculated by starting at the bottom with and, i.e., . Next, using (2), field and derivative at the other interfaces can be determined. The field at position inside a certain layer can now be calculated using (2) but with replaced by .
B. Determination of Inner Product
To normalize fields properly as well as to get the eigenmode expansion, an inner product on the function space of the solutions of (1) must be determined. To do that, let us introduce the following variable: Equations (1) and (15b) are of Sturm-Liouville type [3] , an equation whose eigenfunctions are known to form a complete set of functions. In particular, (15b) can be regarded as a scaled, one-dimensional Helmholtz equation, whose eigenfunctions are known to be orthogonal for the following scalar product: (16) where the integration must be evaluated in the computational window (c.w.) defined by the two electric walls as depicted in Fig. 1 and the superscripts ( ) and ( ) are mode indices.
V. RESULTS AND DISCUSSION
In this section, we will discuss results of the presented MEM applied to two structures given in Table I . The following will be checked:
• robustness, with respect to finding all modes in the considered rectangle; • finding quasidegenerate modes, for example, the first even and odd mode of a symmetric coupler with large separation; • the performance of PML with emphasis on examining the reflection on the dielectric interface of PML-non-PML dielectric interface; • correct propagation. Also, we will discuss in short the distribution of the modal indices in the -plane, as given for the two structures in Fig. 4 .The modal indices of structure 1 are found to lie on a single branch, which can be proven to be given by (17) Equation (17) follows from (1) to (4) . Using these and also that there are no reflections at the PML-central layer interface the field at the top boundary is, neglecting a proportionality constant with . Then requiring zero field at the top (17) follows.
Comparison of the modes obtained by this analytic formula and by CI showed that in fact, all of the first 70 modes were found by the CI algorithm. For nonuniform structures like two, a distribution being similar to that of Structure 1 can be found, but different branches can be observed. For structure two consisting of two weakly guiding bimodal identical waveguides all guided system modes, virtually coinciding two by two, have been found. The indices of these are found to coincide with those of the open system as calculated with a standard mode solver.
In order to check correct propagation and performance of PML we have studied the propagation of a narrow Gaussian input beam given by (18) in Structure 1. We chose this simple structure to be able to compare the results of our numerical method with the exact analytical solution.
The previous field can be expanded in terms of the PML modes found with C I according to (19) where 's are the normalized PML modes and coefficients are determined as follows: (20) From Fig. 2 it can be seen, that propagation along leads to virtually no reflection from the PMLs.
We have also compared the results of the propagation with the analytical results. The latter follows from the Green's function approach as follows. Knowing, that the fundamental solution of the Helmholtz equation in the non PML part takes the following form [7] : (21) by using the Method of Images [see, e.g., 7], the Green's Function being zero at can be constructed as follows:
with being the zeroth-order Hankel function of second kind. Thus, we obtain the following expression to determine the field distribution on the ( -) plane, given an input field:
(23) where the integration must be evaluated for the same region as (20). These formulae were evaluated by means of the numerical engine of MAPLE.
From Fig. 3 , it can be seen that the result of MEM coincides nicely with the exact results. The only exception is for small values where the MEM does not perform so well if a relatively low number of modes are taken into account. Here, modes corresponding to high spatial frequencies along play the some role, too. Since these modes are damped in the PML and rapidly radiated out in the open system, their role is minor for higher values. The behavior of Berenger and radiation modes is discussed by [8] .
VI. CONCLUSION
In this paper, a novel computational algorithm was described to determine the PML modes of stratified 2-D systems, closed with electric walls at the computational boundaries. It was found that with this new algorithm, the degenerate modes of a coupler, as well as higher order modes of several PML systems, could be found in a robust way. The properties of PML mode expansion were also investigated and it was found that our results with MEM coincide with the analytical results of an open system.
APPENDIX
Here we prove (13a) and (13b). From (13a), it follows that Let us suppose that , , Im . After some algebra. one can arrive to (13b).
